NONLINEAR SCHRODINGER EQUATION ON 
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Abstract. We prove two new results about the Cauchy problem in the 
energy space for nonlinear Schrodinger equations on four-dimensional 
compact manifolds. The first one concerns global wellposedness for 
Hartree-type nonlinearities and includes approximations of cubic NLS 
on the sphere. The second one provides, in the case of zonal data 
on the sphere, local wellposedness for quadratic nonlinearities as well 
as global wellposedness for small energy data in the Hamiltonian case. 
Both results are based on new multilinear Strichartz-type estimates for 
the Schrodinger group. 



1. Introduction 

In a recent series of papers ( [5], [7], [8], see also [9], [12]) , Burq-Gerard- 
Tzvetkov investigated the Cauchy problem for nonlinear Schrodinger equa- 
tions (NLS) on Riemannian compact manifolds, generalizing the work of 
Bourgain on tori ([1], [2]). In [5], Strichartz estimates with fractional loss of 
derivatives were established for the Schrodinger group. They led to global 
wellposedness of NLS on surfaces with any defocusing polynomial nonlin- 
earity. On three-manifolds, these estimates also provided global existence 
and uniqueness for cubic defocusing NLS, but they failed to prove the Lip- 
schitz continuity of the flow map on the energy space. These results were 
improved in [7], [8] for specific manifolds such as spheres, taking advantage 
of new multilinear Strichartz inequalities for the Schrodinger group (see also 
[6]). In particular, on such three-manifolds the Lipschitz continuity and the 
smoothness of the flow map on the energy space were established for cubic 
NLS, as well as global existence on the energy space for every defocusing 
subquintic NLS. 

However, none of the above methods provided global wellposedness results 
in the energy space for NLS on four-dimensional manifolds. This is in strong 
contrast with the Euclidean case (see [14], [16], [10], [22]). The only available 
global existence result on a compact four-manifold seems to be the one of 
Bourgain in [2], which concerns defocusing nonlinearities of the type \u\u 
and Cauchy data in ii"*(T^), s > 1. Let us discuss briefly the reasons of 
this difficulty. On the one hand, Strichartz estimates of [5] involve a too 
large loss of derivative in four space dimension ; typically, for cubic NLS, 
they lead to local wellposedness in for s > 3/2, which is not sufficient in 
view of the energy and conservation laws. Moreover, these estimates are 
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restricted to L^L% norms with p>2 and the admissibility condition 

-+-=1 , 

p q 

so that the analysis does not improve when the nonlinearity becomes subcu- 
bic. On the other hand, the analysis based on bilinear Strichartz estimates 
is currently restricted to nonlinearities of cubic type, and on S*^ it only 
yields local wellposedness in for s > 1. In fact, this obstruction can be 
made more precise by combining two results from [5] and [7]. Indeed, from 
Theorem 4 in [5], we know that the estimate 

/ / \^'''f{x)\Utdx< 
Jo Js* 

is wrong, which, by Remark 2.12 in [7], implies that the flow map of cubic 
NLS cannot be near the Cauchy data = in (5"^). Moreover, notice 
that this phenomenon occurs for zonal data, namely functions depending 
only on the distance to a fixed point. 

The purpose of this paper is to provide further results on four-dimensional 
manifolds. We shall study two types of NLS equations. In section 2, we 
study NLS with the following nonlocal nonlinearity, 



Jt/\ f ( ^Wi jj. ^ II ^l|4 

1^1/2(54) 



(1) 



idtu + Am = ((1 - A)-°|ii|2) u, 
ti(0, x) = uo{x) 



where a > 0. Notice that the homogeneous version of this nonlinearity on 
the Euclidean space reads 

1 



2q; 



SO that (1) can be seen as a variant of Hartree's equation on a compact 
manifold. We obtain the following result. 

Theorem 1. Let {M,g) be a compact Riemannian manifold of dimension 
4 and let a > ^. There exists a subspace X of C{M., H^{M)) such that, for 
every uq G H^{M), the Cauchy problem (1) has a unique global solution 
u E X. Moreover, in the special case M is the four- dimensional standard 
sphere M = S^, the same result holds for all values a > of the parameter. 

The proof of Theorem 1 relics on the combination of conservation laws 
for equation (1) with the following quadrilinear estimates, 

/ / Xit)e'^^il- Ay'^{uiU2)u3U4dxdt 
Jr Jm 

< C{m{Ni,--- ,iV4))'"||/l||L2(M)l|/2||L2(M)ll/3||L2(M)ll/4||L2(M), 

for every x G Cg^(IR), for every sq < 1 and for /i, /2, /s, /4 satisfying 
'^^/i^e[Nj,2Nj](fj) = /?■' i = 1>2,3,4. 

Here and in the sequel m{Ni, ■ ■ ■ , A'4) denotes the product of the smallest 
two numbers among Ni,N2, N^jN^. Moreover Uj and fj are linked by 

uj{t,x) = S{t)fj{x), j = 1,2,3,4, 



sup 
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where S{t) = e**^. Notice that, compared to the multihnear estimates used 
in [8], a frequency variable r is added to the left hand side of the estimate. 
It would be interesting to know if the smallest value of a for which these 
estimates (and hence Theorem 1) are valid depends or not on the geometry 
of M. 



In Section 3, we come back to power nonlinear ities. Since we want to go 
below the cubic powers and at the same time we want to use multilinear 
estimates, we are led to deal with quadratic nonlinearities. In other words, 
we study the following equations, 



(2) idfU + An = q{u), 

where q{u) is a homogeneous quadratic polynomial in n, u 

q(u) = au^ + bu^ + c\u\'^. 
We start with wellposedness results. 

Theorem 2. // (M, g) is the four- dimensional standard sphere , then the 
Cauchy problem (2) is (locally in time) uniformly well-posed in H^^^^^^{S'^) 
for every s > ^, where H^^^^^{S^) denotes the if* space of zonal functions 
relative to some pole u E : f{x) = f{{x,u))) . 

The main tool in the proof of Theorem 2 is the following trilinear estimate 
on linear solutions Uj{t) = S{t)fj, 



sup 

(3) reM 



x{t) e'' ui{t, x), U2it,x), u^{t,x))dxdt 



<C(min(Ari,A^2,iV3))'"||/i||L2(§4)||/2||L2(s4)||/3||i2(s4), 

for every M-trilinear expression T on C^, for every x € Co°(M), for every 
So > 1/2 and for zonal functions /i, /2, /a satisfying 

'^y/l^£[Nj,2Nj]ifj) = /i' i = li2,3 . 
It would be interesting to know whether the above estimate holds with non 
zonal functions for some sq < 1 ; this would extend the above theorem to 
any finite energy Cauchy data. 

Notice that a subclass of these equations consists of Hamiltonian equations 

dV 

=m 

where 1^ is a real-vahicd homogeneous polynomial of degree 3 in u, u; with 
the above expression of q{u), this corresponds to c = 2a. In this case, the 
following energy is conserved, 

E = [ \Vuf -\-V{u)dx . 

A typical example is 

V{u) = -\u\'^{u + u) , q{u) = |up + -u^ . 

This Hamiltonian structure does not prevent solutions from blowing up in 
general. In the above example, for instance, a purely imaginary constant as 
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Cauchy data leads to a blow up solution. However it is possible to give a 
classification of all the Hamiltonian quadratic nonlinearities for which the 
Cauchy problem associated to (2) has a unique global solution for small 
initial data in Hl^^^^{S^). 

Corollary 1. Assume {M,g) is the four- dimensional standard sphere and 

c = 2a. Then the following assertions are equivalent. 

i) There exists a subspace X o/ C(M, i/^onai(^^)) swc/i that, for every small 
initial data ||?xo||f7i < s, the Cauchy problem (2) has a unique global 

zonal ' 

solution u X . 

a) The parameters a,b satisfy 



It would be interesting to know whether blowing up solutions exist for 
non small data under property (4). 

When property (4) is not satisfied, our blowing up solutions are partic- 
ularly simple, since they are solutions of the ordinary differential equation 
deduced from (2) for space-independent solutions. Another open problem is 
of course to find a wider variety of blowing up solutions for equation (2) in 
this case. 
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2. Wellposedness via multilinear estimates 

The main step of this section is to prove a result of local existence in time 
for initial data in H^{M) using some multilinear estimates associated to 
the nonlinear Schrodinger equation, that we will establish in Section 3 with 
a special attention to the case of the sphere. For that purpose we follow 
closely the ideas of Burq, Gerard and Tzvetkov ([9], [7]). In those papers, 
the authors extended to general compact manifolds the nonlinear methods 
introduced by Bourgain ([1], [2], [4]) in the context of tori W^/Z'^. Finally, 
we achieve the global wellposedness thanks to the conservation laws. 

2.1. Well-posedness in Sobolev spaces for the Hartree nonlinearity. 

In this subsection we prove that the uniform wellposedness of (1) on M can 
be deduced from quadrilinear estimates on solutions of the linear equation. 
Firstly, we recall the notion of wellposedness we are going to address. 

Definition 1. Let s G M. We shall say that the nonlinear Schrodinger 
equation (1) is (locally in time) uniformly well-posed on H^{M) if, for any 
bounded subset B of H^[M), there exists T > and a Banach space Xj" 
continuously contained into C{[—T,T],H^{M)), such that 

i: For every Cauchy data uq & B, (1) has a unique solution u G Xt- 
ii: IfuQ e H^iM) for a > s, then u e C{[-T,T], H'' {M)). 
iii: The map uq E B t-^ u E Xt is uniformly continuous. 
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The following theorem stresses the general relationship between uniform 
wellposedness for equation (1) and a certain type of quadrilinear estimates. 

Theorem 3. Suppose that there exists C > and sq > such that for any 
fi,f2,f3,h& LP'{M) satisfying 

(^) l^/I=Ae[AfJ,2iV,] (/?■) = J = 1)2,3,4, 

one has the following quadrilinear estimates 

sup / / x(*)e**^(l - A)""(itiU2)u3U4(ix(it 

<C{m{N,,... ,iV4)n|/l||i2(M)||/2||L2(M)||/3||L2(M)ll/4||L2(M), 

uj{t) = S{t)fj, J = 1,2,3,4, 

where x £ C^(M) is arbitrary, and m(Ni,--- jN/^) denotes the product of 
the smallest two numbers among Ni, N2, N3, N4. Then the Cauchy problem 
(1) is uniformly well-posed in H^{M) for any s > sq. 

Proof. The proof follows essentially the same lines as the one of Theorem 3 
in [7] and relies on the use of a suitable class X^'^ of Bourgain-type spaces. 
We shall sketch it for the commodity of the reader. We first show that (6) 
is equivalent to a quadrilinear estimate in the spaces X*'*. We then prove 
the crucial nonlinear estimate, from which uniform wellposedness can be 
obtained by a contraction argument in X^^. Since this space is continuously 
embedded in C{[—T, T], H'^{M)) provided b> ^, this concludes the proof of 
the local well posedness result. 

Following the definition in Bourgain [1] and Burq, Gerard and Tzvetkov 
[9] , we introduce the family of Hilbert spaces 

(7) X''\RxM) = {ve S'{RxM) : (l+|z5t+Ap)l(l-A)tv e L'^{RxM)} 
for s, 6 G M. More precisely, with the notation 

we have the following definition : 

Definition 2. Let (M, g) be 0, com^pact Riemannian manifold, and consider 
the Laplace operator —A on M . Denote by (e^) an L^ orthonormal basis of 
eigenf unctions of —A, with eigenvalues jik, by Hk the orthogonal projector 
along Ck, and for s > by H^{M) the natural Sobolev space generated by 
(/ — A) 2 ^ equipped with the following norm 



(8) = ^(//fc)^||nfcu|| 



L'^{M)- 



Then, the space X^'^{RxM) is defined as the completion of C^{Rt; H%M)) 
for the norm 

(9) k 



= \\S{-t)u{t,-)\\l,, 



where Ilfeu(T) denotes the Fourier transform o/n^u with respect to the time 
variable. 



Denoting by the space of restrictions of elements of X*'''(M x M) to 
] — T,T[xM, it is easy to prove the embedding 

(10) ^T^cC([-r,r],i7*(M)). 
Moreover, we have the elementary property 

(11) yfeH%M), V6>0, {t,x)^ S{t)f{x) e 

We next reformulate the quadrilinear estimates (6) in the context of X*'** 
spaces. 

Lemma 1. Let ,s G M. The following two statements are equivalent: 
i) For any fj € L'^{M), j = 1,2,3,4, satisfying (5), estimate (6) holds; 
a) For any h> \ and any Uj G X°'^(M X M), j = 1, 2, 3, 4, satisfying 



one has 
(12) 

4 

/ / {I- /\)-'^{uiU2)u^U4^dxdt <C{m{Ni,--- ,N^)Y''T\\\uj\^ 
J«.Jm jJ[ 

Proof. We sketch only the essential steps of the proof of ii) assuming i) , since 
we follow closely the argument of Lemma 2.3 in [9]. The reverse implication 

is easier and will not be used in this paper. 

Suppose first that uj are supported in time in the interval (0, 1) and we 
select X G C^i^) such that x = 1 on [0, 1]; then writing ^(t) = S{-t)uj{t) 
we have easily 



{{l-A)-^{mu2)usu,){t) = -^ [ [ [ [ 

UTTj Jm.Jm.Jm.Jr 



^it{Ti-T2+T3-T4) 



X (1 - A)-°(5(t)S»(Ti)S(t)u»(T2))5(i)u» (r3)5(i)n»(r4) dn dT2 dr^du, 

where Uj denotes the Fourier transform of Uj with respect to time. Using 
i) and the Cauchy-Schwarz inequality in {ti,T2,T3,T4) (here the assumption 
6 > ^ is used, in order to get the necessary integr ability) yields 



/ 

Jm. 



(1 — A) °' {uiU2)usU4dxdt 

xM 



i=i 

4 

Finally, by decomposing Uj{t) = ^„g2V'(^ ~ ■i)^j(^) with a suitable tp G 
C^(M) supported in (0, 1), the general case for uj follows from the special 
case of Uj supported in the time interval (0, 1). □ 

Returning to the proof of Theorem 3, there is another way of estimating 
the norm of the product ((1 — A)~"(uiU2)'"3M4). 



Lemma 2. Assume a as in Theorem 1 and that ui,U2,U3,U4 satisfy 



(13) 



'-Vl^elN,2N] 



(Uj) = Uj. 



Then, for every s' > sq there exists b' €]0, -[ such that 



(14) 
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/ / {l-A)'''{uiU2)usU4dxdt<Crn{Ni,---,N4y'T\\\uj\\^o,i 
Jr Jm ~^ 



Proof. Wc split the proof in several steps. 
First of all we prove that, for a > 0, 



(15) 
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/ / (1 - Ay{uiU2)u3U4dxdt < Cm{Ni, ■ ■ ■ .N^f TT ||'Uj||xo.i/4. 

By symmetry wc have to consider the following three cases: 

m(iVi, • • • , iVd) = N1N2 , m(iVi, • • • , iV4) = N3N4 , m{Ni, ■■■ ,N4) = N1N3. 

In the first case, by a repeated use of Holder's inequality, we obtain 

/ / {1 — A)~°'{uiU2)usU4dxdt 
Jr Jm 

< C\\{1 - A)~°'{uiU2)\\l^(r^l°°(M))\W3U4\\l^(R,L\M)), 

< C\\uiU2\\l2(R,L'^(M))\\''^3^4\\l'2{R,L^MY) 

< C* 1 1 -Ui 1 1 ^4 j;,oo (jv^)) 1 1 U2 1 1 i4 (]K_^oo (M)) 1 1 ""3 1 1 1,4 (^^^2 (M)) 1 1 "4 1 1 L*(R,L'^ (M)) > 

where we also used that (1— A)~" is a pseudodifferential operator of negative 
order, hence acts on L°°{M). By Sobolev inequality, we infer 

4 

/ / (1 - A)~"(^^i^2)?^3^^4da;(ii < C(A^iAf2)^ n • 
JRJM 

By the Sobolev embedding in the time variable for the function v{t) = 
S{-t)uit), we have X°'V4 c L^{R,L^{M)), and this conclude the proof of 
the first case. 

In the second case m{Ni, • • • , A'4) = A''3A^4 we can proceed in the same 
way by writing the integral in the form 

/ / uiU2{l — A)~"' {usU4)dxdt . 
Jr Jm 

Finally, when m{Ni, ■ ■ ■ ,N4) = N1N3, we write the integral as follows 
(1 - A)~t(uiU2)(l - A)~t(u3U4)da;dt , 



M JM 



and by Cauchy-Schwarz and Holder's inequalities wc estimate it by 

< 11(1 - A)"t(uiM2)||i2(K_j^2(jv^))||(l - A)-'^{u3U4)\\l2(R,l2{M)) 

< C\\uiU2\\l2(R,L'^{M))\\u3U4\\l'2{R,L'2{M)) 

< C' 1 1 ""1 1 1 L4 (R,L°° (M)) 1 1 ■"2 1 1 L4 (R,L2 (M)) I 1 1 L4 (R,L°° (M)) 1 1 ^4 1 1 L*{R,L'2 (M)) ■ 

Finally we conclude the proof of (15) by means of Sobolev's inequality in 
both space and time variables as above. 



The second step consists in interpolating between (12) and (15) in order to 
get the estimate (14). To this end we decompose each uj as foUows 

= '^'^j,Kj, Uj^Kj = ^Kj<{idt+A)<2Kj{Uj), 

where Kj denotes the sequence of dyadic integers. Notice that 

II II 2 \^ Z<^2fe|| II 2 II II 2 

ImWxo.b — 2^^j \\^j,Kj\\L'^(Ry.M) — \\Uj,Kj\\xo,b- 

We then write the integral in the left hand side of (14) as a sum of the 
following elementary integrals, 

I{Ki,- ■ ■ , K4) = / (1 - A)~'^{ui^KiU2,K2)u3,K3U4,K^dxdt . 
JR Jm 

Using successively (12) and (15), we estimate these integrals as 
(16) 

4 

\I{Ki, • • • , i^4)| < Cm(iVi, ■■■ ,N4r {KiK2K^K4f \{ \\uj,K, Hl^, 

Ki,K2,K;-i j=l 

where either {a,P) = {so,b) for every b > 1/2, or {a,P) = (2,1/4). There- 
fore, for every s' > sq, there exists hi < 1/2 such that (16) holds for 
((7,/3) = (s',61). Choosing b' g]6i,1/2[, this yields 



/ / (1 — A) °' {uiU2)usU4dxdt 
JrJm 



< Cm{Ni, • • • , N^y' J2 {K1K2KSK4)'''-''' H WujW^o,,' , 

Ki,-,K4 j=l 

which completes the proof, since the right hand side is a convergent series. 

□ 

We are finally in position to prove Theorem 3. We can write the solution 
of the Cauchy problem (1) using the Duhamel formula 

(17) u{t) = S{t)uo - i f S{t - r) ((1 - A)-^{\u{T)f)u{T)) dr . 

Jo 



The next lemma contains the basic linear estimate. 

< 

such that, ifT e [0, 1], w{t) = S{t - T)f{T)dT, then 



Lemma 3. Let b, b' such that < b' < I, < b < 1-b' . There exists C > 



(18) ^.,6 < CT 



1-6-6' 



y^rp "A, 



s,-b' ■ 



We refer to [15] for a simple proof of this lemma. 

The last integral equation (17) can be handled by means of these spaces 
using Lemma 3 as follows 



(19) 



fs{t-T) ((l-A)-°(KT)p)u(r))dr 
Jo 

KCT'-'^-'^'W ((l-A)-«(Kr)n«(r)) ||^^ 



'\ /_\\ II 

-6'- 

T 



Thus to construct the contraction <I> : X^''' X^'\ ^{vi) = Ui,i = 1,2 
and to prove the propagation of regularity ii) in Definition 1, it is enough 
to prove the following result. 

Lemma 4. Let s > sq. There exists (6, b') G satisfying 

(20) 0<6'<^<6, b + b'<l, 

and C > such that for every triple (uj), j = 1,2,3 in X^'^{R x M), 

(21) 11(1 - A)~°'{uiU2)u3\\xa:-b' < C\\ui\\xs,b\\u2\\x=,b\\u3\\x'^,b. 

Moreover, for every a > s, there exists such that 

(22) 11(1- A)-°(|u|2)u||;^,,_i,, <C4u\\\M\x''^b . 

Proof. We only sketch the proof of (21). The proof of (22) is similar. Thanks 
to a duality argument it is sufficient to show the following 

(23) 1/ / {I- Ay{uiU2)u3Uidxdt <C\T\ 
\Jm.Jm \~~, 



The next step is to perform a dyadic expansion in the integral of the left 
hand-side of (23), this time in the space variable. We decompose ^1,^2,^3, U4 
as follows: 

In this decomposition we have 

II Il2 t\t2s\\ ii2 \^ II ||2 

hjWx^.b -2^Nj \\uj,N^\\xo.b ^ 2^ \\Uj,N,\\xs,l>- 

Nj AT,- 

We introduce now this decomposition in the left hand side of (23), and we 
are left with estimating each term 

J{Ni, ■ ■ ■ , N4) = / / (1 - A)~°'iui^NiU2,N2)u3,N3UA,N4dxdt . 
JR Jm 

Consider the terms with Ni < N2 < N3 (the other cases are completely 
similar by symmetry). Choose s' such that s > s' > sq. By Lemma 2 we 
can find b' such that < 6' < ^ and 

4 

(24) |J(iVi, • • • ,iV4)| < C^{NiN2r' n \KN,\\xo,y- 

This is equivalent to 

s 3 

',Nj \\xs,b' ll'"4,Af4 llx-s.''' 

In this series we separate the terms in which N4 < CN3 from the others. 
For the first ones the series converges thanks to a simple argument of sum- 
mation of geometric series and Cauchy-Schwarz inequality. To perform the 
summation of the other terms, it is sufficient to apply the following lemma, 
which is a simple variant of Lemma 2.6 in [7]. 



|J(iVi,--- ,N,)\<CY,iNiN2r'-' (^YfllKi 

Ni ^ 1=1 
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Lemma 5. LeA a. a positive nvmher. There exists C > such that, if for 
any j = 1, 2, 3, C^kj < l^k^, then for every p > there exists Cp > such 
that for every wj G L?{M), j = 1, 2, 3, 4, 

/ (1-A) '^{Uk-,WiUk2W2)Uk^W3Uk^W4:dx <Cp llJ Y[\\Wj\\L2. 

Remark. Notice that if M = the above lemma is trivial since in that 
case, by an elementary observation on the degree of the corresponding sphe- 
rical harmonics, we obtain that if A;4 > fci + A;2 + k3 then the integral (24) is 
zero. 

Finally, the proof of Lemma 4 is achieved by choosing b such that ^ < b < 
1 — 6' and by merely observing that 

□ 

2.2. Local wellposedness for the quadratic nonlinearity. In this sub- 
section, we study the wellposedness theory of the quadratic nonlinear Schro- 
dinger equation posed on 

(25) idfU + Au = q{u) , q{u) = au"^ + bu"^ + clul"^ , 
with zonal initial data n(0, x) = uo{x). 

In fact wc shall prove Theorem 2 on every four-manifold satisfying the tri- 
linear estimates (3). This is a result of independent interest that we state 
below. 

Theorem 4. Let M be a Riemannian manifold, let G he a subgroup of 
isometries of M. Assuming that there exists C > and sq such that for any 
ui,U2,U3 G L^(S^) G -invariant functions on M satisfying 

(26) '^VT^e[Nj,2Nj]{fj) = fj^ j = 1' 2, 3, 

one has the trilinear estimates 
(27) 

3 

<C(min(Ari,7V2,iV3))^°nil/^-|l^^' 

where T(ui, 1^2,^3) = ^11x2^^3 or T{ui,U2,U3) = U1U2U3 and x G C^(l^) is 
arbitrary. Then, for every s > sq, the Cauchy problem (25) is uniformly 
well-posed on the subspace of H^{M) which consists of G -invariant func- 
tions. 

Proof. It is close to the one of Theorem 3 above, so we shall just survey 
it. We denote by L%{M), H^{M), X^^(R x M) the subspaces of L'^{M), 
H^{M), X*'''(R X M) which consist of G-invariant functions. For the sake 
of simplicity, we shall focus on the case 

q{u) = |n|^ -I- . 



sup 



K JM 



X{t) e"'^T{ui,U2, U3)dxdt 
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The general case follows from straightforward modifications. As in the proof 
of Theorem 3, it is enough, for every s > sq, to show that there exists b, b' 
such that 

0<6'<^<6<l-6' 
with the following estimates, 

11^1^2 llxs.-f'' ^ C'll'Ui 11^3,6 11-^2 llxs.*- 5 11^1^2 llx^.-''' ^ C'||ni||^s,6||'U2||x''>'' 5 
11^^ ^ e'er ll'ulljfs, 6 11^11 jfCT.b , II < Ccr ||'u||x3,b ll'J^llx"''*' ) > J 

where Ui,U2,u are G -invariant. As before, we focus on the first set of 
estimates. Thanks to a duality argument, these estimates are equivalent to 



(28) 



uiU2U^dxdt 



R JM 



uiU2U^dxdt 



R JM 



< C'||tli||j^s,6||tt2||x3,6||M3||x-''.*'' ' 

< C'll'Ui 11x0,6 11^2 ||x'',i'||?^3|lx-''.i'' , 



In this way, writing the solution of the Cauchy problem (25) using the 
Duhamel formula 



(29) 



u{t) = S{t)uo -ij^ S{t - r){\u{r)\^ + ^u\t)) dr, 



and applying Lemma 3, we obtain a contraction on X^^ proving a result of 

local existence of the solution to (25) on H^{M), s > sq. Thus the proof 
of this theorem is reduced to establishing the trilinear estimates (28) for 
suitable s,b,b'. We just prove the first inequality in (28). The proof of the 
second one is similar. 

First we reformulate trilinear estimates (27) in the context of Bourgain 

spaces. 

Lemma 6. Let sq £ M. The following two statements are equivalent: 

- For any fi, f2, fs £ Lq{M) satisfying (26), estimate (27) holds. 

- For any 6 > ^ and any u\,U2,u^ G X^'^(R x M) satisfying 



(30) 

one has 
(31) 



lv^T^e[Afj,2Afj](^i) — J — 1)2, 3, 



/ / {uiU2U3)dxdt <C{mm{Ni,N2,Ns)y°T\\\uj\\xo,i 

JR JM ~~l 



Proof. The proof of this lemma follows lines of Lemma 1 above. First we 
assume that ui,U2,us are supported for t G [0, 1], and we select x £ C^(I^) 
such that X = 1 on [0,1]. We set ^(i) = S{—t)uj{t). Using the Fourier 
transform, we can write 



// 

JM. JM 



UiU2U3dxdt 



< 



3 

C[ [ [ If x{t)e''^llS{t)ul{T,)dxdt 
Jti Jt2 Jt3 JR JM J-Jl 



dTidT2dT3, 
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where r = {T1+T2 — T3). Supposing for instance Ni < N2 < and applying 
(27) we obtain that the right hand side is bounded by 

/oo f'OO roo 
/ / ll^ik'^l)IU2(M)ll4('^2)||L2(A^)||4(T3)||L2(M)C^ncir2CiT3. 
-00 J —00 J —00 

We conclude the proof as in the proof of Lemma 1 in section 2, using the 
Cauchy-Schwarz inequality in (ri,r2,r3), and finally decomposing each Uj 
by means of the partition of unity 



neZ 



□ 



where G C^f ([0, 1]). 

Lemma 7. For every s' > sq there exist b' such that < 6' < | and, for 
every G-invariant functions ui,U2,U3 satisfying (30), 

(32) f [ {uiU2U3)dxdt <Cmm{Ni,N2,N3y'T\\\uj\\^oy . 

Jr Jm 

Proof. Following the same lines of the proof of Lemma 2, it is enough to 
establish 

3 

(33) / / (uiU2Uz)dxdt <Cmhi{Ni,N2,N^ff\ 
Jr Jm ~~[ 

Then the lemma follows by interpolation with (31). Indeed, assuming for 
instance Ni < N2 < N^, we apply the Holder inequality as follows, 



'X°'B(]RxM)' 



/ / {uiU2U^)dxdt 
Jr Jm 



^C\\ui ||l3(M,L°°(M)) \W2 ||l3(M,L2(M)) Ihs ||l3(M,L2(M)) 

and using the Sobolev embedding we obtain 

< C(iVl ) ^ 1 1 m 1 1 ^3 (]R^£,2 (Af)) 1 1 n2 1 1 L3 (]R^£,2 (A^)) 1 1 Us 1 1 i3 (]R^£,2 ^M)) ■ 

By the Sobolev embedding in the time variable for function v{t) = S{—t)u{t), 
we know that 

and this completes the proof. 

□ 

Let us sketch the last part of the proof of Theorem4. We decompose 
ui,U2, Us as follows: 



U-i 



Ni 



We introduce this decomposition in the left hand side of (28) and we use 
Lemma 7. Supposing now for simplicity that A^^i < N2, we obtain that for 
any s' > sq we can find b' such that < 6' < ^ and 
(34) 



uiU2Usdxdt 



M 



AT 
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for any s > s' > sq. Notice that the summation over A'^i can be performed via 
a crude argument of summation of geometric series. As for the summation 
over N2,Ns, following the same proof as in Section 2.1, we conclude by 
observing that the main part of the series corresponds to the constraint 
iVs < N2. □ 

2.3. Conservation laws and global existence for the Hartree non- 
linearity. Next we prove that for an initial datum uq G H^{M), the local 
solution of the Cauchy problem (1) obtained above can be extended to a 
global solution u G C(R,i/^(M)). 

By the definition of uniform wellposedness, the lifespan T of the local 
solution u G C{[0,T), (M)) depends only on the norm of the initial 
datum. Thus, in order to prove that the solution can be extended to a global 
one, it is sufficient to show that the norm of u remains bounded on any 
finite interval [0,T). This is a consequence of the following conservation 
laws, which can be proved by means of the multipliers u and Uf, 



\u(t, x)\ dx = Qo ; 

(35) "'■^ 

/ \^n{t,x)\l + h{l - Ar-/\\uf){t,x)f dx = Eo. 
Jm 2 

Remark. Notice that a similar argument can be applied in the case of an 
attractive Hartree nonlinearity, at least when a > 1. Indeed, consider the 
focusing Schrodinger equation 

iut + Au = -(1 - Ay^{\u\'^)u, 

where the nonlinear term has the opposite sign. Computing as above, we 
obtain the conservation of energy 

l|V«|li.(M) - ^11(1 - A)-"/2(|up)||i. = const, 

but now the energy E{t) does not control the norm of u. However, we 
can write 

\\Vu\\l,<C + C\\{l-A)-/\\u\')\\l,, 
and by Sobolev embedding we have 

11(1 - A)-/2(|u|^)||i. < C\\ \uf\\h = C\\u\\U, \ = \ + 

so that we obtain, with p = 2q, 

\\Vu\\l2 <C + C\\u\\%, l = \ + ^- 

We now use the Gagliardo-Nirenberg inequality (for d = 4) 

and we obtain 

\\Vuh2 < C{1 + \\u\\l,) + C\\u\\l-'^'~''>/^Vut^r'^/^. 

Notice that, as in the defocusing case above, the norm of u is a conserved 
quantity. If the power 4{p — 2)/p is strictly smaller than 1, we infer that the 
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norm of u must remain bounded. In other words, we have proved global 
existence provided 



2.4. Studying the global existence for the quadratic nonlinearity. 

Proposition 1. Let {M,g) be a four- dimensional Riemannian manifold 
satisfying the assumptions of Theorem 4- There exists e > and a subspace 
X of C{W,Hq{M)) such that, for every initial data uq G Hq{M) satisfying 
ll^ollffi < ^7 the Cauchy problem (2), where q{u) = (Reu)^, has a unique 
global solution u E X. 

Proof. By Theorem 4, we obtain that for an initial datum uo G Hq{M), 
there exists a local solution of the Cauchy problem 



By the definition of uniform wcllposcdness, the lifespan T of the local solu- 
tion u G C([0,T),i7^(M)) only depends on a bound of the H norm of the 
initial datum. Thus, in order to prove that the solution can be extended to 
a global one, it is sufficient to show that the norm of u remains bounded 
on any finite interval [0, T). This is a consequence of the following conser- 
vation laws and of a suitable assumption of smallness on the initial data. 
Notice that 




< 1 



a > 1. 



□ 



idtu + Au= (Reu)^, 
■^(0, x) = uo{x). 




from which 



(36) 




Moreover the following energy is conserved. 



(37) 




Consequently we can write 




Since by Gagliardo-Nirenberg inequality we have 




and by the following inequality 




we deduce that 
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Thanks to (36) we know that 

Reudx < ||uo||l1(m) < C'll^*o||ifi(M)) 

M 

thus we obtain 

\\Vu\\l2 <Eo + C {\\uo\\hi + \\^u\\l2) ||Vii||^2. 

Assuming that 

||mo||//i < e, 

we infer, by a classical bootstrap argument, that ||Vtt|| cannot blow up, as 
well as ||Re'u||i2. Using again the evolution law of the integral of u, this 
implies that this integral cannot blow up, and completes the proof of the 
proposition. □ 

Notice that the proof above extends without difficulty to q{u) = c(Re n)^, 
for any real number c. If (M, g) satisfies the assumptions of Theorem 4, we 
can now prove that the conclusions of Corollary 1 hold on M. 

Proof. Let q{u) = av? + tnP + 2a|ttp . The idea is to transform the equation 
into an equivalent one using the change of unknown u = cov, with |a;| = 1, 
and then impose conditions on a, b such that the transformed equation is 
of the special type corresponding to q{u) = c(Re u)"^ for which, thanks to 
Proposition 1, we know that the solution is global. Thus we try to impose 

q{ujv) = cu;(Re v)'^ 

for some c G M and some ui with \ui\ = 1, and we obtain the polynomial 
identity 

au^v'^ + +6aJ^u^ + 2abP = —(v + vf. 

4 ^ 

Equating the coefficients of the two polynomials we obtain 

,3 



and this is equivalent to 



a = c— , = c— 
4 4 



a2 



— = b. 
a 



Conversely, we prove that if this condition is not satisfied, it is always pos- 
sible to construct small energy solutions which blow up in a finite time. We 
take as initial datum a constant in the form 

uo{x)=ujyo, yoeK\{0}, l^^l = 1, 

and then the equation reduces to the ordinary differential equation 

iut = q{u), u(0) = ujyo. 

Defining y{t) = u{t)/u!, we see that y{t) is a solution of the equation 

iujy'{t) = q{u) = y'^q{u) 

which can be written 

y'{t) = -iq{u)uj y^ y(0) = yo e ^ 
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The solution can be written explicitly as 

1 



yit) 



and is not global if and only if ^(ci;)^ is purely imaginary. Thus to conclude 
the proof it is sufficient to show that we can find an u such that 

q{u)uj = aoj + bu^ + 2aaJ is purely imaginary (and not 0). 

Writing a = ^e*", h = Be^^, uj = e*^ with A, B > 0, this is equivalent to 
finding a simple zero for the following function 

f{e) = ?,A cos(a + e)+B cos(/3 - 3^). 

Observe that the average of / vanishes. A point where the sign of / changes 
cannot be a double zero unless it is a triple zero, and a straightforward 
calculation shows that this corresponds exactly to the case A = B and 

2 

3a + /3 = 2A;7r, namely ^ = b. Hence, if this condition is not satisfied, / has 
a simple zero. This completes the proof. 

□ 

3. Multilinear estimates 

In this section we establish multilinear estimates, which, combined with 
Theorems 3 and 4, yield Theorems 1 and 2. We recall that S{t) = e**^ . 

3.1. Quadrilinear estimates. This subsection is devoted to the proof of 
quadrilinear estimates (6) with sq < 1 on arbitrary four-manifolds with 
a > 1/2, and on the sphere S'^ with a > 0. In view of subsections 2.1 and 
2.3, this will complete the proof of Theorem 1. 

Lemma 8. Let a > ^, sq = (| — ct) and let {M,g) a compact four- 
dimensional Riemannian manifold. Then there exists C > such that for 
any /i, /2 e -L^(M) satisfying 

(38) l7T^e[Af,2iV](/l) = /l' lv/T^e[L,2L](/2) = /2, 
one has the following bilinear estimate: 

(39) ||(l-A)-t(nin2)||i2((o,i)xM) <C^(min(iV,L))^"||/i|U2(M)||/2||L2(M) , 
with Uj(t) = S(t)fj. 

Proof. By symmetry, it is not restrictive to assume that N < L. The Sobolev 
embedding implies 

_a 1 1 o; 

11(1 - A)" 2 (uiU2)||l2((o,i)xM) < C\\uiU2\\l-2{{0,1),Li(M)), ~ = 2 4' 

and applying the Holder inequality we obtain 

11(1 - A)-t(^Xi^X2)||L2((o,i)xM) < C||«l||^2((o^,)^^|(^))lk2||Loc((o,l),L2(M))- 

Thanks to the conservation of the norm we can bound the last factor with 
the norm of f2', on the other hand, the L?'L'^/°^ term can be bounded using 
the Strichartz inequality on compact manifolds established by Burq, Gerard, 
Tzvetkov in [5] (see Theorem 1), which reads, in this particular case, 

II'"i||l2((0,1),L4(M)) < C'-^^^^||/i||l2(m) ■ 
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Combining this estimate with the Sobolev inequahty, we obtain (39) as 
claimed. □ 

Proposition 2. Let a > |, sq > (| — a) and let {M,g) a compact four 
dimensional Riemannian manifold. Then there exists C > such that for 
any /i, /2, /s, A e -L^(M) satisfying 

'^V'r^e[Nj,2Nj] ifj) = j = 1' 2' ^' ^' 
one has the following quadrilinear estimate for Uj{t) = S{t)fj: 



sup 

(40) r6M 



/ / xit)e'^^{l- A)-'^{uiU2)u3U4dxdt 
< C{m{Ni,--- ,A?"4))'°||/i||l2(m)||/2||l2(m)||/3||l2(m)II/4||l2(m), 



where x £ Cg°(M) is arbitrary and m,{Ni, ■ ■ ■ , N4) is the product of the small- 
est two numbers among Ni, N2, N3, N4. 

Proof. The proof of our quadrihnear estimate (40) when m{Ni, ■ ■ ■ , N4) = 
N1N2 foUows directly by the Cauchy-Schwarz inequality and Lemma 8. In 
fact, assuming for instance that x is supported into [0, 1], we have 



/ = sup 

t6R 



/ / xit)e'^^{^- ^)~"iuiU2)u3U4dxdt 
Jr Jm 



<C||(1-A) S(uiU2)||l2((o,i)xM)II(1- A) 2(ti3U4)||L2((o,i)xM) 
<C(m(iVi,-- - ,A^4))^°||/i|U2(M)II/2||l2(M)II/3||l2(m)II/4||l2(M), 

by applying (39). By symmetry, it remains to consider only the case 

m(iVi,--- ,N4)=NiN2 . 

By the self-adjointness of (1 — A), Holder's inequality and Sobolev's inequal- 
ity we have 

I < C'll^il^^2||Li((o,l),L9'(M))ll(l - ^)~"(^^3^^4)||L°°((0,l),i«(M)) 
< C||niU2||^i((o_i)^^,'(^))||u3U4||Loo((o,i),Li(M)), 

provided ^ > 1 — f • Using again Holder's inequality, we infer 

^ ^ n ll^illL2((0,l),L2gr'(M)) n ll^fclli'°°((0,l),L2(M)) • 
j=l,2 fc=3,4 

Conservation of energy implies that \\uk\\L'>° {{0,1), l^{m)) = ll/fe||L2(M)- On 
the other hand by Sobolev embedding we have 

|-i 

IP.7IIl2((o,i),l2<;'(M)) ^ ll'"jllL2((0,l),L4(M))- 

Now we can apply the above-mentioned Strichartz estimate of [5] to obtain 

1—1 

■jIIl2((0,1),L29'(M)) ^ ^^j ll/illL2(M)) • 



\\u 

Since 



2 13 

and So can be arbitrarily close to | — a, the proof is complete. □ 
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Remark. In this case, an iteration scheme for solving can be performed as 
in [5], avoiding the use of Bourgain spaces, making in Xt = C([0,r],i/^) n 
L2([0,r],i7f) . 

On the four dimensional sphere, endowed with its standard metric, the pre- 
cise knowledge of the spectrum /vfc = k{k + 3), G N makes it possible 
to improve our quadrilinear estimate. We proceed in several steps, starting 
with an estimate on the product of two spherical harmonics. 

Lemma 9. Let a €]0, ^] and let sq = 1 — There exists C > such 

that for any Hn, Hi spherical harmonics on of degree n, I respectively, the 
following bilinear estimate holds: 

(41) ||(l-A)-t(/f„^0llL2(s4) < C(H-min((n,/)n|//„||i2(s4)||#«||i2(§4). 

Proof. It is not restrictive to assume that 1 < n < L We shall adapt the 
proof of multilinear estimates in [6] , [8] , using the approach described in [9] . 
Writing 

h = (n(n + 3))-i/2 ^ I ^ ^i^i ^ 3)-i/2 ^ 
the equations satisfied by the eigenfunctions Hn, Hi read 
h^AHn + Hn = 0, h^AHi + Hi = 0. 
In local coordinates, these are semiclassical equations, with principal symbol 

We now decompose Hn and Hi using a microlocal partition of unity with 
semi-classical cut-off of the form x{x,hD), x{x,hD) respectively. When 

suppx(x,e)nfe(^,e) = 1} = 0, 

i.e. in the "elliptic" case, the estimates are quite strong : we have, for all s, 

P, 

(42) \\\D^\'x{x,hD^)Hn\\L^s*) < Cs,phP\\Hn\\L^S^), 

with similar estimates for Hi. Consequently, it is sufficient to estimate 

(43) 11(1 - Ar^{x{x,hD,)HnX{x,hD,)Hi)\\L2^s^) 
when cut-off functions %, % are localized near the characteristic set 

{5x(^,0 = 1} • 

Refining the partition of unity, we may assume that the supports of x, X ^■re 
contained in small neighborhoods of {m,uj), (m,w) where m E M and uj,uj 
are covectors such that 

5m(t^,w) = 5m (^^,2) = 1 . 

Notice that functions u = x{x,hDx)Hn , u = x{x,hDx)Hi are compactly 
supported and satisfy 

p"'(x, hD)u = HF , p'"{x,hD)u = hF , 

where \\F\\l2 < {{Hnh^ and \\F\\l2 < \\Hi\\l2. 
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Set gx{x,^) = {A{x)^,^). Choose any system {xi, . . . ,X4) of linear coor- 
dinates on such that 

{A(m)uj,dxi) 7^ and {A{m)uj, dxi) ^ . 

Then, on the supports of x Xi one can factorize the symbol of the 
equation as 

p{x,i) = e(x,^)(Ci - q{x,^')) , p{x,i) = e(.x,^)(^i - q{x, £,')), 

where e,e are elliptic symbol while q,q are real valued symbols. In other 
words, we can reduce the equations for u, u to evolution equations with 
respect to the variable xi. Notice that ^' G W^~^ = M^, i.e., the spatial 
dimension of these evolution equations is 3. Moreover, since the second 
fundamental form of the characteristic ellipsoid : gm{^,0 = 1} is non 
degenerate, the Hessian of q, q with respect to the ^' variables does not 
vanish on the supports of X) X respectively. 

Therefore we can apply to this equation the (local) three-dimensional 
Strichartz estimates (see Corollary 2.2 of [9] for more details). We conclude 
that u satisfies the 3-dimensional semiclassical Strichartz estimates in the 
following form: 

(44) hhl^L", < Ch~p\\H„\\L2 <np\\Hn\\L2, 

1 X 

for all (p, q) satisfying the admissibility condition 

2 3 3 

- + - = -, p> 2. 
p q 2 

An identical argument is valid for u. In fact, for u we shall only need the 
energy estimate 

(45) l|2|Loci2 < C\\Hi\\l2 . 

Finally, we estimate the product uu as follows. By the Sobolev inequality, 

11(1 - A)-^{uu)\\l2 < C||nn||L., 1 = 1 + ^. 

Applying the Holder inequality we obtain 

||(l-A)-t(u-ti)||i2 <C||u|| aMl^l^ 

Noticing that q <2 and using the compactness of the support of u, we have 

\\u\\ 4 < C'll'^ll ^ ■ 

Applying the Strichartz estimate (44) with p = 2 and the Sobolev embedding 
in the x' variables, we obtain 

(^^) Il^llr2 - '^^^~'^\MlIL% < Cn'~'-^\\Hn\\L2. 

Combining with the L°°L'^ estimate (45) on u, this completes the proof. 

□ 

We now come to a quadrilinear estimate on spherical harmonics. 
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Lemma 10. Let a g]0, ^] and sq = 1 — ^ . There exists C > such that for 

any Hn^ ,j = !,••• ,4, spherical harmonics on §^ of degree uj respectively, 

the following quadrilinear estimate holds: 

(47) 

f ^ 
/ (1 - A)-«(<)//(2^))i/g)//W dx < ai + m{in,)r n \\Hi]^\\LHs-)- 

Proof. By symmetry, it is sufEcient to consider the two cases 
m{ni, ■ • • , Ui) = nina ; m(ni, ■ • • , n^) = nin2 . 

In the first case, the proof follows directly by the Cauchy-Schwarz inequahty 

and Lemma 9. It remains to consider only the case m(ni, • • • ,71,4) = nin2- 

(i) 

We use the same idea as in Lemma 9 to decompose, if uj > 1, each Hn/ 
into a sum of terms of the form 

Uj = Xjix,hjD^)Hi,]:> , hj = {nj{nj + , j = 1,2,3,4 . 

As before, each Uj may be microlocalized either into the elliptic zone, in 
which case we have much stronger semiclassical estimate (42), in particular 

an bound, or near the characteristic set, and for these terms we can use 
the Strichartz type estimate (44). Notice that the very special case Uj = 
can be included into the elliptic case. Thus we have several possibilities to 
consider. 

If at least two Uj^s are microlocalized in the elliptic zone, then the quadri- 
linear estimate holds trivially (with sq = 0) by a simple application of the 
Cauchy-Schwarz inequality. 

If ii3 or ii4 is microlocalized in the elliptic zone, then, again by the Cauchy- 
Schwarz inequality, the quadrilinear estimate is a consequence of estimate 
(41) of Lemma 9, with a replaced by 2a. 

It remains to deal with the cases when only ui or U2 is microlocalized in 
the elliptic zone, and when all the Uj 's are microlocalized near the charac- 
terictic set. In both cases, we shall make use of the following variant of the 
Sobolev inequality. 

Lemma 11. Let A he a pseudodifferential operator of order —2a on W^, 
and let B be a bounded subset o/M^. For any smooth function F on with 

support in B, we have the estimate 

(48) P(^)ll^.-(^^,)<^ll^ll^.-e) 
provided | > 1 — 2q;/3. 

Proof. The kernel K{x,y) of A admits an estimate like 

(49) \K{x,y)\ < -—^--j^ < ^ 



,\X - 2/1)4- 2a - (1^^ _ + la;/ _ y/|)4-2a ' 

The claim is then a consequence of Young's inequality in variables x' . □ 

By the self-adjointness of (1 — A) the terms to estimate can be written as 

follows: 



(50) 



/ ('Ui'U2) X (1 - A) "{u3U4)dx 
7§4 
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As in the proof of Lemma 9 we select a splitting x = (xi,x') of the local 
coordinates such that ^2,113, are solutions of scmiclassical evolution equa- 
tions, and therefore satisfy Strichartz estimates (44). Using the bound 
on ui, we have 

and by Lemma 11 we obtain 

I < C||il^^j)||x,2(§4) ||«2||^i .^q'Jh3^^4||Loo(ii^) 

provided ^ > 1 — Holder's inequality gives 

/ < C||iJ«||i2(§4) ||«2||^2^(^,;)||«3||l-(l2,)||^^4|Loo(l2,), 

and, applying estimate (45) on 1x3,1x4 and estimate (44) with p = 2 on U2, 
we obtain 

4 

7<Cn|nil<-^llL^(S^)> 

with 

s = max 1 2' ^ ^ J <sq , 

since is arbitrary with ^ < 

Finally, wc treat the case when all the factors are microlocalized near the 
characteristic set. Once again, we select a splitting x = {xi,x') of the local 
coordinates for which Strichartz estimates (44) are valid for each Uj. By 
Holder's inequality and Lemma 11 we have 

/<C||uiU2||^l^(^,/^||tX3tX4)|L^^(il,) 

By estimates (44) with p = 2 on «i, 7x2 and (45) on 1x3, 1x4, we conclude 

4 

I<C{n,n2y\[\\H^]\\L^^^.) , 

with 

. = maxQ,l-A) <.o, 
since q' is arbitrary with ^ < x • '^'^^^ completes the proof. □ 

Remark. It is clear that Lemma 9 and Lemma 10 extend to Laplace eigen- 

functions on arbitrary compact four-manifolds. Moreover, a refinement of 
the study of the elliptic case shows that, as in [6] , [8] , eigenf unctions can be 
replaced by functions belonging to the range of spectral projectors of the type 

l[n,n+l](V^-^)- 

We now come to the main result of this subsection. 

Proposition 3. For every a > 0, for every so > 1 — the quadrilinear 
estimate (6) holds on S^. 
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Proof. Let /i, • • • , /4 be functions on §^ satisfying the spectral localization 
property 

(51) lv^T3AG[iV„27V,](/i) = /j> j = 1, 2, 3, 4 . 
This implies that one can expand 

fj ~ ^ ^Uj ) 

Uj 

where i^ny are spherical harmonics of degree nj, and where the sum on nj 
bears on the domain 

(52) Nj/2 <l + nj< 2Nj . 

Consequently, the corresponding solutions of the linear Schrodinger equation 
are given by 

«^.(t) = 5(i)/^. = ^e-*«^(-^+3)^CJ) 

rij 

and we have to estimate the expression 

Qifu ■■■ J4,r)= [ [ x(i)e'*"(l - A)-''iuiU2)usu^dxdt 
Jk. V§4 

ni,---,rn j=l 

with Ej = (— l)''"^ and 

. ■■,Hi,f)= [ (1 - A)-"(i7«:H^£V^3^^S dx . 
Appealing to Lemma 10, we have, with s = 1 — 3a/4, 

4 

|J(i?«,--- ,H(^'])\<cm{m,... ,N,yll\\H^%2 . 

Using the fast decay of x at infinity, we infer 

4 

|Q(/i,---,/4,r)|<Cm(iVi,...,iV4r^(l + |£|2)-i Yl nil^^-^ll^^ 

e& A([r]+£)j=l 

4 

<m(7Vi,... ,iV4rsupJ]nil^^-^lli'^ ' 

where A{k) denotes the set of (ni,--- ,714) satisfying (52) for j = 1,2,3,4 
and 

4 

£jnj{nj + 3) = . 

Now we write 

{1,2,3,4} = {a, A 7, <5} 
with m{Ni, • • • , 7^4)) = NaNfs, and we split the sum on A(fc) as 

(53) |Q(/i,--- ,/4,r)| <m(A^i,--- , iV4)^ sup^ 5(a) 5'(fc - a) 
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where 

S{a) = Y,\\HtJ\\L4Hi:;h^ ; S'{a')= |U. , 

r(a) r'(a') 

r(a) = {(na,n-y) : (52) holds for j = a, 7, ejnj{nj + 3) = a}, 

r'(a') = {(n^,n5) : (52) holds for j = (3,6, ^ £jnj{nj + 3) = a'}. 

Now we appeal to the following elementary result of number theory (see e.g. 
Lemma 3.2 in [7]). 

Lemma 12. Let a £ {±1}- For every e > 0, there exists such that, 
given M G Z and a positive integer N, 

#{{ki,k2) eN'^ : N <ki<2N , kf + akj = M} < C^N' . 

A simple application of Lemma 12 implies, for every £ > 0, 

sup#r(a) < CeK ■ sup#r'(a') < C,iV| , 

a a' 

and consequently, by a repeated use of the Cauchy-Schwarz inequality, 
Y,S{a) S'{k -a)<C, {NaNpYx 

a 




4 

<C,{N^Nprll\\f,\\L2 , 

(i) 

where, in the last estimate, we used the orthogonality of the -ffAy's as nj 
varies. Coming back to (53), this completes the proof. □ 

Remark. Using the remark before the statement of this proposition, the 
proof above extends easily to any compact four- dimensional Zoll manifold 

(see [7] for more details). 

3.2. Trilinear estimates on the sphere. In this subsection, we prove 
trilinear estimates (27) on S^, for every sq > 1/2, for zonal solutions of the 
Schrodinger equation. In view of subsections 2.2 and 2.4, this will complete 
the proof of Theorem 2 and of Corollary 1, by choosing for G the group of 
rotations which leave invariant a given pole on S^. 

First we recall the definition of zonal functions. 

Definition 3. Let d > 2, and let us fix a pole on S'^. We shall say that a 
function on E'^ is a zonal function if it depends only on the geodesic distance 
to the pole. 

The zonal functions can be expressed in terms of zonal spherical harmonics 
which in their turn can be expressed in terms of classical polynomials (see 
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e.g. [17]). As in [8], we can represent the normalized zonal spherical har- 
monic in the coordinate 9 (the geodesic distance of the point x to our 
fixed pole) as follows: 

(54) Zp{x) = C{sme)-^ Los[{p + a)0 + (5] + -^^], -<e<Tr-- 

{ psmd } p p 

with a, (3 independent of p, and C uniformly bounded in p. On the other 
hand, near the concentration points = 0, vr we can write 

(55) \Zp{x)\ < Cp^, e [c/p, TT - c/p\. 

and ||Zp||^2(gd) = 1. 

With this notation, we have the following trilinear eigenfunction esti- 
mates. 

Lemma 13. There exists a constant C > such that the following trilinear 
estimate holds: 

(56) \\ZpZgZi\\Li(s,) < C{Tamip,q,l)y/^ . 

Proof. It is not restrictive to assume that p < q < I. Moreover, by Cauchy- 
Schwarz inequality it is sufficient to prove (56) in the special case q = I. 
Then we have 

\\ZpZ^q\\L^s^) = c r \Zp{e)\Zq{ef{smefde , 

Jo 

where c is some universal constant. We split the interval [0,7r] into the 
intervals Ii = [0, c/g], I2 = [c/q,c/p], = [c/p,tt/2] and Li = [tt, 2, tt — c/p], 

= [it — c/p, TT — c/q], Iq = [vr — c/p. tt] . Clearly, by symmetry, it is sufficient 
to estimate the integral on the first three intervals Ii, 12,13. 

On Ii we can use (55) for both harmonics Zp, Zq and the simple estimate 
sinO < 9, and we obtain 

[ ''^ \Zp\Zl{^x^Qfde < Cp^/^q^ [ ^\^de < Cp^/^q^-^ < Cp^/^ 
Jo Jo 

since q > p. 

On the second interval I2 we use (54) for Zp and (55) for Zq-. 

pc/p i-c/p / 1 \ ^ 

/ \ZJZ^(smefd9 <Cp^/^ 1 + d9 

Jc/q Jc/q V qsmOJ 

and by the elementary inequality 

(57) fl + ^^rl <C+ ^ 



q sin 9 J q^9^ 



we have immediately 

fc/p 



r " \Zp\Zl{sui9fd9 < Cp^/^ (--- + ^{q/c-p/c)] < Cp"/^. 

Jc/q \P Q ) 

Finally, in the interval 73 we must use (54) for both harmonics: 

i-kI2 i-k/2 / 1 \ / 1 \ ^ 

/ \Zp\Z'^q{sin9fd9 <C 1 + 1 + {sm9)-^/^d9. 

Jc/p Jc/p \ psm9J \ qsm9J 
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Using again (57), the inequality sin^ > CO on [0, 7r/2], and the fact that 
q > p, we have easily 

( 1 + ( 1 + ' (sin e)-3/2 < + Cp-'e-'/^ 

\ psmU J \ qsmd J 

Then integrating on ^3 we obtain 

r7r/2 



j \Zp\zl{sinefde <Cp^''^ 

J civ 



sup 

(59) r6M 



Ic/p 

and this concludes the proof. □ 

We now come to the main result of this subsection, which asserts that 
trilincar estimates (27) hold for every sq > 1/2 on M = §^ in the particular 

case of zonal Cauchy data. 

Proposition 4. Let so > ^ md x £ C^(I^)- There exists C > such that 
for any fi, f2, fs € L'^{S^) are zonal functions and satisfying 

(^^) ^Vi^(^[Nj,2Nj](.fj) = /?■' j = 1)2,3, 

one has the following trilinear estimate for Uj{t) = S{t)fj, 

/ / x(0 s**^'"i^2M3(ixdt| 

<C(min(Ari,iV2,A^3))^°||/l||L2(S4)||/2||L2(S4)||/3||L2(S4)- 

Proof. The proof is very similar to the one of Proposition 3. We write 

«,(*) = 5] e-*"^(-^+3)c,.(n,.)Z„., 
no- 
where Uj is subject to the condition (52) and 

Thus we can write the integral of the left hand-side of (59) as 

3 r 

J= x(V'£jnj(nj+ 3) -r)ci (711)02(7x2)03(713) / Zn^Zn^Z^adx , 

ni,n2,nz j=l 

where ei = £2 = 1 and £3 = —1. Using the fast decay of the Fourier 
transform x and the estimate of Lemma 13, we obtain 

|J|<C(min(iVi,iV2,iV3))^ E^ J] | £1(711)02(712)63(713)1 , 



+ - A 



< 



(min(iVi,iV2, Af3))2 sup 101(711)02(712)03(713)! , 
where 

3 

= {{n'i,n2, ns) : (52) holds for j = 1, 2, 3 ; Sjnj{nj + 3) = k } . 
Suppose for instance that min(Ari, A?^2, -^3) is iVi or N2. Introducing 

Afe(7l3) = {(ni,7l2) : (7ll,7l2,n3) G Afc}, 
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we specialize index in the above sum as 



J <Csup^ |c3(n3)| ^ |ci(ni)c2(n2) 

"3 \(ni,n2)GAA:(n3) 



<C sup {J2\cs{ns)n E( E |ci(ni)c2M|)^ 

"3 / \ na (ni,n2)eAfc(n3) 



<C ^ |c3(n3)P sup ^[#A,(n3)] J] |ci(ni)|2|c2(n2)|^ 

V n3 / \ n3 (ni,n2)eAfe(n3) 

To complete the proof, it remains to appeal once again to Lemma 12, which 
yields the estimate 

#Ar,€(n3)<C5(min(iVi,7V2))'5 , 

for every (5 > 0. If is m.m{Ni, N2, N^), the proof is similar, by specializing 
the sum with respect to ni, say. □ 
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